Brownian motors are non-equilibrium systems that rectify thermal fluctuations to achieve directed motion, using spatial or temporal asymmetry. We provide a tutorial introduction to this basic concept using the well-known example of a flashing ratchet, discussing the micro-to nanoscopic scale on which such motors can operate. Because of the crucial role of thermal noise, the characterization of the performance of Brownian motors must include their fluctuations, and we review suitable performance measures for motor coherency and efficiency. Specifically, we highlight that it is possible to determine the energy efficiency of Brownian motors by measuring their velocity fluctuations, without detailed knowledge of the motor function and its energy input. Finally, we exemplify these concepts using a model for an artificial single-molecule motor with internal degrees of freedom. 
When a machine becomes small enough, thermal fluctuations become large compared to the energies that drive the motor. Motors and machines that operate on the micro-and nanoscales therefore must at least tolerate their stochastic environment.
Motor designs that actually incorporate thermal fluctuations into their function are called 'Brownian motors' and are thought to be essential to controlled motion at the nanoscale. Here we introduce the concept of Brownian motors.
The performance characteristics of motors working on the nanoscale are richer than those of macroscopic machines. Specifically, fluctuations of position and velocity are inherent to all Brownian motors, they affect the motor performance and they contain information about the motor characteristics. We review suitable criteria for the characterization of the performance of Brownian motors, and use the concept for an artificial single-molecular motor to illustrate how the motor design can influence the motor performance. As artificial nanomotors move into technological reach in areas as diverse as synthetic chemistry, nanoelectronics and nanofluidics, such considerations are becoming increasingly important.
I. INTRODUCTION: BROWNIAN MOTORS
A Brownian motor is a system that achieves directed motion by rectifying thermal fluctuations [1] [2] [3] [4] [5] . Usually, we mean by 'directed motion' quite literally the transport of particles, but the same idea applies to transport in some more abstract parameter space, such as a reaction coordinate.
To illustrate the Brownian motor concept, we use the so-called 'flashing ratchet' [6] [7] [8] (also called 'pulsating ratchet' [4] ), shown in figure 1. In this system, particles are subject to a spatially periodic, asymmetric potential, such that the time-dependent particle coordinate x(t) is described by mẍ(t) = −V (x(t)) − γẋ(t) + ξ(t).
(
Here, V (x) describes the 'ratchet' potential, which has a broken spatial symmetry, and is usually taken to be spatially periodic with period L, such that V (x) = V (x + L). The term ξ(t) is a zero-mean, delta-correlated, Gaussian white noise that describes the fluctuations imposed onto the particle by the interaction with a 'heat bath' at equilibrium temperature T . The term γẋ(t),
where γ is the drag coefficient, describes a frictional force experienced by the particle when it is moving relative to its environment. The drag term is in generic theoretical work usually assumed to be linear in the velocity, in excellent agreement with many experimental realizations, such as colloidal particles in liquids [9] [10] [11] [12] , Josephson junctions [13] [14] [15] [16] , or magnetic flux quanta in superconductors [17] [18] [19] (note however, that other types of particles, such as non-equilibrium electrons in a semiconductor [20] [21] [22] , may experience dissipation that is not linear in v). In many experimental realizations (including colloids) the characteristic time for momentum relaxation, given by (m/γ), is extremely short: for instance, for a spherical particle with diameter 100 nm in aqueous solution, (m/γ) ≈ 1 ns. When (m/γ) is much smaller than any other relevant time scale of the system (overdamped limit), the inertial term can be neglected, and eqn. (1) becomes the Langevin equation γẋ(t) = −V (x(t)) + ξ(t).
In this limit, the particles' velocity is in every instant given by v = F net /γ, where F net is the sum of all forces applied to the particle in that instant (including noise). Both ξ(t) and γ are determined by the interaction of the particle with the molecules in its environment, and are thus related to one another by the fluctuation-dissipation relation [5, [23] [24] [25] ξ(t)ξ(s) = 2γkT δ(t − s).
In the presence of thermal noise as defined in eqn. (3), the particles' diffusion constant D is given by the Einstein relation, D = kT /γ. For a spherical object in a fluid with viscosity η, the drag coefficient is given by Stokes' law, γ = 6πηr. Equation (2) describes the overdamped particle system in thermal equilibrium. Crucially, regardless of the potential's symmetry, detailed balance is valid, that is, the probability for a particle to make a thermally activated transition from x to, say, (x + ∆x) equals the probability for the reverse step from (x + ∆x) to x, for arbitrary x and ∆x. Clearly, then, no net transport can be observed in thermal equilibrium.
To turn a system as described in eqns. (1) or (2) into a Brownian motor, one needs to break detailed balance by driving the system away from thermal equilibrium. One way of doing so is to introduce a time-dependence into the potential, for instance of the form V (x, t) = Θ(t)V (x(t)).
In the simplest case, Θ(t) is dichotomous and switches between the value Θ(t) = 1, where the potential is 'on' (see fig. 1 ), and the value Θ(t) = 0, where the potential is flat ('off' in fig. 1 ).
Crucially, the process of keeping a system away from thermal equilibrium (in the present example by cyclic 'flashing' of the ratchet potential) requires input of free energy. Therefore, the particle transport that normally [4, 5] occurs in such a non-equilibrium situation does not violate the Second Law of Thermodynamics, which applies to equilibrium situations without net flow of free energy.
FIG. 1:
A flashing ratchet switches between an on-and an off-state. During the on-phase, Brownian particles concentrate around the potential minima. During the off-phase, the particles undergo one-dimensional, isotropic diffusion. Periodic or stochastic switching between the two states induces a particle current in positive x-direction. For an illustrative Java applet, see [26] .
Suppose the potential in fig. 1 is off at first, such that particles are on average evenly distributed in space. If the potential is switched on, particles will during a transient period of time move toward the closest local potential minimum. Due to the asymmetry of the potential, the nearest accessible minimum is on average to the right of the particle. Consequently, the particle distribution shifts to the right. On the other hand, when the potential is switched off, the particles spread out isotropically on average, and no overall shift of the particle distribution occurs. Consequently then, periodic or stochastic switching of the potential results in a net particle flow in positive x-direction (for an illustrative Java applet, see [26] ).
The operation of the flashing ratchet as described above can be substantially modified [4] : for instance, the Brownian motor effect is observed for periodic as well as for random fluctuations of the potential (where the potential does not necessarily need to switch between fully on and fully off) [8] , for modified potential shapes, in the presence of finite inertia, and when the cycling of the potential is replaced by a cycling of temperature [4, 27] . The flashing ratchet has also been proposed as a model for linear molecular motors, such as the transporter molecule kinesin which exhibits directional motion along microtubules in the presence of a non-equilibrium concentration of ATP. For instance, one may interprete the polar, periodic microtubule as a 'ratchet' potential, to which the kinesin motor binds tightly during one stage of the ATPase cycle, while it remains losely bound, and able to perform one-dimensional diffusion along the microtubule, in another stage of the cycle [2] .
Motor action in the strictest sense is defined as work W being performed against a conservative 'load' force F . The Langevin equation for such a motor reads
When the parameters are well-chosen, the current can flow against a small external force F < 0, such that the motor does work at the rate P = dW/dt = F v per particle, where v is the time average of the particle velocity, which normally increases monotonically as a function of F and goes through zero at what is defined as the stall force F stall . A cartoon plot of v as a function of F for a Brownian motor (a so-called load-velocity curve) is shown in fig. 2 . In the interval
, the motor does work against the external load, which is, in principle, stored as potential energy and can be recovered later.
A. Speed of a flashing ratchet
To estimate the particle current in a flashing ratchet we follow [7, 12] and assume that, initially, the particles are perfectly localized in the potential minima (which means that the height of the potential barriers, V , is much larger than kT ). We also assume that the transitions between the on-and off-states take place on a time scale that is much shorter than the times T on and T off , during which the potential is on and off respectively, such that transients can be neglected. We focus our discussion on the particles in one potential minimum located at x = 0, and let the potential be switched off for a time interval T off , during which the particles undergo one-dimensional Brownian motion. The resulting probability distribution for the position of a particle at the end of T off is given by
In order to achieve transport, one needs to choose T off sufficiently long such that the particles can diffuse the short distance (αL) between a potential minimum and a maximum (see fig. 1 ),
Cartoon of a typical load-velocity curve of a Brownian motor in the presence of a load force. Without load force, the motor has a positive average velocity, while the motor moves backward when an excessive, negative force is applied. The stall force is the (negative) force at which the motor has zero velocity on average. Note that details of the force-velocity curve can look quite different from the cartoon shown here, including non-linear behavior. In general, the motor velocity in response to a positive force can even be negative (negative absolute mobility [28] [29] [30] ).
but short enough to avoid substantial back-diffusion over the long distance
. This condition can be fulfilled when α << 1. The fraction of particles that will be transported to the left is then negligible, and the fraction, s, of particles that will be transported by one period L to the right is given by integrating p from αL to infinity [7, 12] :
where erfc is the complementary error function. For the choice T off = (αL) 2 /2D, one finds s = 1 2 erfc(
A good choice for the time T on is given by the time it takes to completely localize all particles after the potential is switched on at the end of T off . The time it takes a particle with drag coefficient
During each full cycle of the flashing potential, the particle distribution shifts to the right by a distance sL, and the time-averaged, steady-state particle velocity is given by v = sL/(T on + T off ).
We emphasize that the estimates given above are an upper limit, which can be achieved only when α << 1 and V >> kT , both of which can be difficult to obtain in experiments. For finite α, there will always be a finite amount of back-diffusion during T off . When V is not much larger than kT , then the particle distribution at the end of T on will not be perfectly localized at the potential minimum, but will be skewed towards the shallower confinement slope, effectively increasing the distance the particles have to diffuse during T off . Both of these effects decrease the particle flux.
The central role of Brownian motion in this transport process implies that macroscopic motors cannot be constructed in this way. What is the upper limit for the particle size that can be effectively transported by a flashing ratchet? Because of the practical relevance of this question, we explore it with a real system in mind. Specifically, we assume that our particles are spherical with radius r, are colloidal in a fluid with viscosity η, and have a Stokes drag coefficient γ = 6πηr.
In the following we consider the particle flux as a function of particle size in a ratchet whose period L = 20r scales with the particle size. Furthermore, we use V = 20kT and α = 0.1 and set
velocity as a function of the particle radius then becomes
where we used the Einstein relation γD = kT , and where A ≈ s/6π is a dimensionless value of order 10 −2 (see fig. 3 for absolute numbers). Crucially, the drift speed increases with temperature and falls off with the square of the particle size, as one would expect for a diffusion-limited transport process, dramatically highlighting that Brownian motors are operational only for microscopic sizes.
In fig. 3 we show the resulting velocity in absolute numbers for an aqueous, colloidal system at room temperature. Also indicated is the speed at which a spherical particle of radius r moves a distance corresponding to its own diameter, 2r, in every second, in some sense corresponding to 'human-scale' speeds. Compared to this measure, our model Brownian motor is hopelessly slow for objects larger than 10µm, but surprisingly 'fast' for particle sizes smaller than about 1µm: given an optimized flashing ratchet, a particle of diameter 100nm can, in principle, drift almost 200 times its own size (19µm) in every second. Compared to a car, this speed corresponds to supersonic velocities. The fact that an overdamped object should be able to move this fast is not in spite of thermal fluctuations and the viscous drag associated with them, but due to smart use of thermal fluctuations.
B. Stall force
Also the stall force of a Brownian motor is limited by thermal processes. Consider a motor that needs to cover a distance d by free diffusion, in the presence of a load force F . In the case of a flashing ratchet d = αL, that is, the distance the particles need to cover by diffusion during T off .
In another system, such as a protein motor, d could be given by a spatial distance related to a conformational change, that needs to be achieved by thermal activation (that is, some change in a reaction coordinate with a spatial component). Effective transport is possible when the 'downhill' drift at velocity F/γ in the load force field during T off does not exceed d.
this consideration yields an estimate for the stall force of
where we again used the Einstein relation γD = kT . Remarkably, one finds that the force against which a Brownian motor can do work increases with temperature and with smaller size. Using d = αL, α = 0.1 and L = 20r as above, we find F stall ≈ kT /r (see fig. 3 ). In this context it is instructive to note that at room temperature kT ≈ 4.1 pN nm, such that pN emerge as a natural force scale for nanoscale motors that incorporate thermal motion into their function.
For instance, we can estimate that biological motor proteins, which are found to have a stall force of order 10 pN [31] , can rely on unaided thermal diffusion only for distances of no more than 0.5 nm, about 10% of a typical periodic step size (L ≈ 5−10nm [31] [32] [33] [34] [35] ), while the bulk of the motion must be achieved in a way that does not rely solely on Brownian motion (for instance so called 'power strokes'). While the typical performance characteristics of biomolecular motors nicely agree with the framework of a flashing ratchet [2, 36] , one cannot draw the conclusion that biological motors are in general well described by flashing ratchets. Full models for biological motors are certainly For comparison we show the speed at which the particle translocates a distance corresponding to its own diameter every second, that is, v=2r/second (dashed line). Using this speed as a criteria, a Brownian motor is "fast" for particles smaller than about 1µm, and very slow for particles larger than about 10µm.
(b) Upper-limit estimate for the stall force in a flashing ratchet as a function of particle size (see text for details). Nanometer-scale particles can move against forces on the picoNewton scale.
much more complex [37] , and the way thermal fluctuations enter the mechanism of motion of, say, myosin, is not yet fully understood.
P. Reimann and P. Hänggi [5] defined a set of characteristics for a Brownian motor, that we follow here, and all of which are illustrated by the flashing ratchet described above:
1. Thermal noise plays a central role in achieving transport. Without the Brownian motion during the 'off'-phase (that is, at T = 0, or for macroscopic objects), no net current occurs.
In this sense, the fluctuating, external potential rectifies thermal fluctuations -the hallmark of a Brownian motor.
2. Symmetry is broken. In the present example, spatial symmetry is broken through the use of a potential without inversion symmetry. Instead, symmetry may also be broken by use of an unbiased, but skewed, external, time-dependent force (dynamical symmetry breaking) [38, 39] , or due to spontaneous symmetry breaking [36, [40] [41] [42] .
3. Except for the load force, all forces average to zero (in the present case, the average is to be taken in space; more generally, the spatial, temporal and ensemble averages are zero).
4. Detailed balance is broken (that is, the system is kept away from thermal equilibrium, usually at the price of sustained energy input).
5. Finally, the use of periodicity (spatial or temporal) is typical for Brownian motors, and is required for a clean definition of what constitutes 'transport' or 'work' in a Brownian system.
Note further the importance of dissipation. Without the friction (drag) term in eqn. (1), and in presence of the inertial term, the particles will already after one or two potential cycles have sufficient kinetic energy (picked up due to work input from outside) to move continuously to the left on average. Friction dissipates kinetic energy into heat, and a 'thermostat' is required to keep the temperature of the heat bath from rising due to the fluctuating potential.
The term 'Brownian motor' as defined above was first introduced by Bartussek and Hänggi in 1995 [43] . A term with very similar meaning is that of a 'ratchet', which emphasizes the idea of spatial asymmetry and periodicity. Many authors define a 'ratchet' in precisely the same way as the above definition of a Brownian motor, including the requirement for thermal noise to play an important role in the transport mechanism [4] . Other authors have used the term ratchet more broadly for a system in which a spatially periodic, asymmetric potential is used to generate motion, but not necessarily with crucial influence from thermal noise. However, the term Brownian motor should certainly be reserved for systems whose performance or functionality depends on thermal fluctuations.
Research on Brownian motors has traditionally been driven by theoretical work, with experiments usually motivated and initiated by theoretical predictions. A large variety of ratchet systems have been investigated. In addition to the flashing ratchet described above, these include 'rocking ratchets' (where a zero-mean, time-dependent, macroscopic force is applied and used to 'rock' the ratchet potential) with [44] [45] [46] and without [47] [48] [49] inertia effects. Significantly, the inclusion of inertia is found to lead to chaotic behavior [44, 45] . Ratchets have also been investigated in the regime in which quantum effects play an important role (so called quantum ratchets) [46, [50] [51] [52] [53] , and were found to show qualitatively different behavior compared to their classical counterparts.
Specifically, the current in a rocking, quantum ratchet can revert its direction as a function of temperature, as a result of a competition between thermally activated transport and quantum tunneling [50, 54] . Significant attention has also been paid to models for biological molecular motors based on Brownian motors [2, 36, 55, 56] . A number of authors have studied cooperative effects in coupled motors, and a wealth of novel phenomena has been predicted. Examples are the reversal of the current direction as a function of particle size and density in a rocking ratchet when steric hindrance of particles is considered [57] , enhanced velocity of elastically coupled Brownian motors [58, 59] , symmetry breaking, anomalous hysteresis and absolute negative mobility [41, [60] [61] [62] [63] . The phenomenon of absolute negative mobility, which describes a system in which application of an external force induced transport in a direction opposite to the applied force, can also be observed in the absence of coupling effects [28, 29] . The status of the ratchet field in 2002, with an emphasis on theory, was surveyed by Peter Reimann in his excellent, comprehensive review [4] , which cites more than 700 references, and was summarized in [5] . For another, more recent review, see [39] .
On the experiment side, representative experiments carried out before 2002 are reviewed in a special issue of Applied Physics A [64] . Outstanding examples and more recent experiments include the first experimental realizations of flashing ratchets for colloidal particles [9, 65] , which in fact can be used to separate DNA segments by their size [10, 12] , and ratchets for electrons realized in both classical [66] and quantum [54, 67] regimes, with applications in high-frequency nanoelectronics [68] and in thermoelectrics [69] [70] [71] . Quantum ratchets have also been realized using vortices in
Josephson junctions [16] , and ratchet-type devices have successfully been used to move magnetic flux quanta in superconductors [19] . One of the most promising areas of application of ratchet effects is the fact that the current direction often depends quite subtly on details of the parameters chosen, which makes it possible to use ratchets to separate different types of particles, for instance by their size. Experimental realizations of such devices include, in addition to the DNA separator mentioned above [12] , a microfluidic drift ratchet capable of separating colloidal particles depending on size [72, 73] . A related system uses an artificial, asymmetric nanopore to pump ions across a membrane [74] . A recent experimental milestone is the first experimental system in which a large number of artificial Brownian motors cooperate to collectively perform macroscopic work, realized using a time-dependent magnetic field that couples to nanoscale, super-paramagnetic particles, each of which acts as a Brownian motor, and that together rotate a macroscopic sphere [75] .
II. HOW TO CHARACTERIZE THE PERFORMANCE OF A BROWNIAN MOTOR
A. Characterizing macroscopic machines
The performance of macroscopic machines, such as that of cars or power drills, is well characterized by the combined concepts of power, efficiency, torque or force, and speed. Power is the rate at which work is done, for instance against an external force to increase the potential energy of some system, or to increase the kinetic energy of a load. Efficiency is defined as the ratio of the work output (W ) to the energy supplied to the motor. For a heat engine using input heat Q in , the efficiency is thus given by η = W/Q in . The concepts of torque (or force) and speed supply additional information about the motor characteristics. For instance, a tractor is designed to be capable of exerting a substantial force F on an object, but only at a relatively small speed v. A small car may have the same power P = F v, and may reach much higher speeds than a tractor, but only when exerting a negligible towing force on an external object.
Note that we here use the concept of a machine, rather than motor. A motor may be defined as the smallest entity capable of transforming some form of energy (such as heat, electricity, chemical energy, or radiation) into mechanical work. In contrast, a machine is usually a more complex assembly, incorporating the motor, and usually designed to perform a specific task. For instance, the difference in performance characteristics of a small car and a tractor is in part indeed due to differently designed motors, but is in part also due to the transmission system that is part of the machine.
B. Brownian machines: loose versus tight coupling
A fundamental difference between most macroscopic machines and Brownian motors lies in the nature of the coupling between the energy supply and the work output [5] . In a macroscopic com-bustion engine, for instance, the cycle of energy supply (in the form of heat and pressure, delivered when a combustible gas is ignited in the cylinder) is tightly coupled to the work output, delivered by the moving piston. In each working cycle, compression is followed by ignition, explosion, and a 'power stroke' in a well defined manner. Random motion (for instance due to the Brownian motion of the piston) is vastly overpowered by the energies involved. Consider in contrast a single particle in the flashing ratchet of fig. 1 . When the potential is switched off, a time period of free diffusion follows, which is terminated by switching the potential on. Independently of whether the switching occurs periodically or randomly, the outcome of this working cycle is statistical. If the parameters are well chosen, there is a larger-than-50% chance for the particle to end up in a minimum to the right of its starting point. In this case work of the order F L is done against the load force F .
However, there is a smaller, but finite, probability that the particle performs no net motion, or even ends up in the minimum to the left, in which case the load force does work on the particle.
In other words, while the state variables of well functioning macroscopic motors are tightly coupled, those of Brownian motors (for instance Θ(t) and x(t) in eqn. (4)) are loosely coupled, and a full cycle (1, 0, 1) of Θ(t) will result in a statistical distribution of x(t) and of the work output
This loose coupling, and the statistical nature of their performance (as measured by position, velocity, or work output) is inherent to Brownian motors and fundamentally distinguishes them from their macroscopic counterparts. The presence of significant fluctuations in, say, the velocity also affects how well a motor can perform a certain task, and quantitative information about the fluctuations is needed for a satisfying description of the motor characteristics. In addition, as we will describe below, there is a direct relationship between velocity fluctuations and the energy efficiency of a Brownian motor.
C. Coherency of Brownian motors
To characterize the performance of a motor in the presence of fluctuations, consider the task of moving a cargo a certain distance within a defined time interval t. For Brownian motors, we can only know the average velocity of the motor for successive realisations of the process, and for a fixed time there will be a spread in the distances over which the motor carries out transport. We therefore look for a way of quantifying a motor's coherency.
An effective diffusion or dispersion for the motor can be defined as
where the average is over an ensemble of trajectories. Ideally D eff should be small, but knowing D eff alone does not fully characterize the motor because it doesn't discriminate between motors with different velocities.
A coherency parameter that incorporates both velocity and spread is the Peclet number, borrowed from fluid dynamics [76] , which is a measure of linear transport as compared to diffusion.
The Peclet number is defined as
where l is a characteristic length, v is the time averaged velocity and D eff is the dispersion defined as in eqn. (9) . The choice of the length l in eqn. (10) is essentially arbitrary and is usually taken to be some characteristic length scale of the system. In the context of Brownian motors, the spatial period L of the ratchet potential has been used as the reference length scale l [59, 77, 78] .
However, because such a choice essentially depends on the system under consideration, it is difficult to compare the performance of different types of motors. For a system-independent measure for the coherency of transporter motors, we here propose to use for l the length over which transport is being observed, l = v τ , for a fixed time interval τ . With this choice, and with the definition of D eff in eqn. (9), the Peclet number becomes
where l is the average distance covered by the motor during τ , and
2τ D eff is the spread in positions at time τ averaged over many realisations of the process. This definition is in the long-time limit independent of the choice of τ , and allows comparison of the coherency of different types of transporters. A motor that will reliably cover the same distance within a time interval τ (such as a train that is always on time, with very small variations) will have a high Pe, while a less predictable (less coherent) transport system has a low Pe.
D. Efficiency
The standard definition of efficiency is given by the ratio of the output work to input energy:
Strictly speaking, for motors operating in a constant-pressure environment, E in is given by the Gibbs free energy transferred to the system [36, 79, 80] . For the flashing ratchet, E in is easy to calculate -at least in theoretical models -as the change in the potential energy of the particles during T on ,
where the average is over many ratchet cycles. It is then straightforward to define an efficiency for a Brownian motor based on the work performed by the motor against an external load force, F, as
While this definition is unambiguous and thermodynamically correct, it is in some ways unsatisfactory for practical use, because many Brownian motors work through transport against viscous drag, without actually doing work against an external (conservative) force. However, according to eqn. (14), a motor without load force has efficiency zero.
Derényi, Bier and Astumian therefore proposed the generalized efficiency [82] 
where E min is defined as the thermodynamically minumum energy required to perform the 'task' assigned to the motor. For instance, if the motor's task is to move an object of a certain size within time t over a distance l against the associated drag force γl/t, then E min = γl 2 /t. If the motor performs this task in the energetically optimal way, the generalized efficiency approaches 1. If the motor's task consists of performing work W against a conservative force, then E min = W , and the generalized efficiency reduces to the definition in eqn. (14) . A similar efficiency, termed the 'Stokes' efficiency, has been proposed for use in the context of chemo-mechanical energy conversion, for instance in biological motors [83] .
An efficiency definition that is equivalent to that in eqn. (15) has been derived by Suzuki and Munakata [84] who considered an energy balance based on the averages of the separate terms that make up the Langevin equation without the overdamped approximation. These authors arrived at the expression
where the numerator is the sum of the rate at which the motor does work against an external force, plus the power necessary to move in the long-time average at a speed v against a drag force γ v through a (viscous) environment. The denominator is the average input power which can be written as
for long times τ . Suzuki and Munakata explored this efficiency for flashing ratchets [84] and called it the 'rectification efficiency', expressing the fact that this definition can be also used in the absence of a bias force. That is, when the motor rectifies thermal fluctuations without doing work in the strict thermodynamical sense. Machura et al. [85] explored the rectification efficiency for rocking ratchets in the absence of a load force, and both groups of authors identified sets of design parameters that optimize the efficiency.
Eqn. (16) with the expression for the input power given in eqn. (17) is most useful for theoretical models where the exact trajectory x(t) of the motor, as well as the precise potential V (x(t)) are known, and the input power can easily be calculated. In an experiment, this information is not normally available. Importantly, however, the average power supplied to the motor from outside must equal the motor's average power output. Suzuki and Munakata [84] made use of this insight and showed that in the long time limit the denominator in eqn. (16) can also be expressed in terms of
Here, all averages are over long times. The first and second terms are the rate at which the motor does work against an external load force F , and against the viscous drag force, respectively.
The third term represents the net power dissipated by the motor to the bath due to the motor's fluctuations, and depends on the motor's (nonequilibrium) velocity fluctuations, the bath's temperature and, m, the (finite) mass of the particle undergoing transport.
is the time-averaged variance of the motor velocity. Using the equipartition theorem we express kT = m v 2 eq where v 2 eq is the variance of the velocity in thermal equilibrium at the bath temperature, T . We can then rewrite eqn. (16) to read
The third term in the denominator can be interpreted as the net heat dissipated to the bath due to velocity fluctuations [37] and is expected to be positive, as is found numerically [85] .
In this spirit one can also express the energy efficiency equation (14) in terms of the variance of the motor velocity
Equations (19) and (20) potentially have tremendous practical importance. To experimentally determine the rectification efficiency, equation (19) , or the energy efficiency, equation (20), of an unknown, nanoscale motor, it is sufficient to determine (i) its average velocity against a given (conservative) load force, (ii) the variance of the velocity, and (iii) the temperature of the thermal bath.
As pointed out by Harada [86] , this possibility represents a powerful tool for experimentalists, which to our knowledge is not generally appreciated. In addition, the relationship between fluctuations and both energy efficiency and rectification efficiency (F = 0) is also useful from a theoretical point of view: it provides an additional diagnostic tool when numerically 'tailoring' Brownian motors for specific performance characteristics, such as high rectification efficiency [84, 85] .
Equation (20) also expresses a fundamental difference between microscopic and macroscopic motors: it is certainly not possible to determine the energy efficiency of a new car model simply by observing the average and the variance of its velocity -in addition we need detailed information about the fuel consumption. For a microscopic motor, on the other hand, we can use information about the velocity flucuations to determine the fuel comsumption.
Equations (19) and (20) were derived for the center-of-mass motion of Brownian motors without internal degrees of freedom. Clearly, for motors with internal degrees of freedom, such as protein motors, additional avenues exist for both energy dissipation and the corresponding fluctuations, and for the storage of potential energy. Equations. (19) and (20) can not be applied for such more complex situations without further evaluation. In the next section we discuss some aspects of the role of internal degrees of freedom using a specific example.
Finally we note that in our present discussion of the efficiency of Brownian motors we focused on the role of fluctuations for the motor performance, and for the energy efficiency. For a broader discussion of the energetics of Brownian motors, see the comprehensive review by Parrondo and de Cisneros in a special issue on Brownian motors [87] .
III. COHERENCY AND EFFICIENCY OF A POLYMER MOTOR
In the following we discuss a Brownian motor that is based on a flashing ratchet and that possesses internal degrees of freedom. The basic idea is illustrated in figure 4 which shows a freelyjointed chain model of a polyelectrolyte (such as DNA in water), in which charged monomers are separated by a distance related to the polymer's persistence length (which is about 50 nm for DNA [88, 89] ). All of the polymer's degrees of freedom are activated by thermal motion, causing the polymer to continuously change its coiled shape in three dimensions. For the flashing ratchet potential, we consider a one-dimensional, asymmetric, piece-wise constant force-field (spatial average zero), that can be switched on ( fig. 4 , A and C) and off (B and D), creating a flashing ratchet.
The spatial period L is chosen to be comparable to the dimension of the polymers random coil configuration (the radius of gyration), such that the molecule's internal degrees of freedom rearrange themselves to minimize the polymer's potential energy when the potential is on (A). When the potential is off (B), the polymer is free to approach its random coil configuration. However, each time the potential is switched on again (C) the polymer will shift its center of mass (indicated as a gray dot) to the right, inducing directed motion on average ( fig. 5 ).
This is a relatively simple model system for a motor with active, internal degrees of freedom, and we are interested in the question of how the performance characteristics of such a system can be varied by fine-tuning of the system variables and how they compare to the performance characteristics (stall force, efficiency, Peclet number) of the extensively studied single-particle flashing ratchet.
Additional interest in such a polymer motor stems from the fact that this motor can, in principle, be realized experimentally, using colloidal DNA molecules in combination with asymmetric electrode arrays lithographically patterned onto a substrates such as silicon chips [10, 12] . In principle, a load can be attached to one end of the polymer, enabling it to perform a function similar to that of a transporter motor protein. Such an artificial motor will provide a powerful experimental system for the study of motor performance as a function of system variables, and has significant potential for applications in, for instance, lab-on-chip systems. In contrast to many other schemes for the construction of artificial molecular motors, such as most concepts to construct motors using synthetic chemistry [90] , this motor would be controllable externally (by turning on and off the electrode tracks), and power would be supplied electrically, rather than chemically.
A. Model
To model the performance of the single-molecule motor we employ a coarse grained bead-andstring model of a freely jointed polymer in which individual monomer beads represent several chemical groups and the bond length between adjacent monomers is the related Kuhn length [91] .
The monomers interact via a standard simulation force field consisting of a repulsive Lennard-Jones acting between all beads. The bonds between neighboring beads on the polymer chain are modeled by a FENE potential which imposes a maximum bond extent. The functional form is
where r ij is the monomer-monomer separation and k F and R 0 are the potential strength and extent parameters. The mass, m, of each bead is set to unity and we use σ, and τ s = mσ 2 / to set the length, energy, and time scales. The values k F and R 0 were chosen to be 30 /σ 2 and 1.5σ
respectively. This model of a polymer is well studied and has been used previously to model polymer melts [92] . The equations of motion of individual beads are given by the Langevin equation:
where ξ i is a random force representing the surrounding solvent and heat bath (< ξ i >= 0; < ξ i (t)ξ j (t ) >= 2γk B T δ ij δ(t − t )), γ is the friction coefficient, V p is a sum of the internal polymer potentials given in eqns. (21) and (22), and F(r i ) represents an external force. The above Langevin equation was simulated using Brownian dynamics [93] . In the absence of hydrodynamic interactions between the monomers this corresponds to the Rouse model of polymer dynamics.
The motor potential, V (r i ), is spatially periodic along one axis as shown in figure 1 . V (r i ) is periodically 'flashed', acting to localise the polymer for a time T on before being switched off to allow the polymer to diffuse freely for a time T off . The height of the barrier is typically set to be of the order of a few kT .
B. Results
A full description of the performance of the motor can be found in [94] . Here we highlight an example for how the motor design will determine the performance characteristics, and concentrate for this purpose on two different values of the free diffusion time T off =10τ s and T off =20τ s , respectively. We fix T on = 20τ s which we found is sufficiently long to fully localize the polymer. Further we use V = 4kT and α = 0.1. All simulations were for a total simulation time of T = 2 × 10 6 τ s using polymers of length 50 monomers. The friction coefficient, γ, was set to unity for each monomer.
To calculate the effective diffusion constant as defined in eqn. (9) we split one large trajectory into sub-trajectories. In the parameter range studied here the velocity of the polymer is a product of the probability of moving forward one well while the ratchet is turned off (a decreasing function of L) with the distance gain that can be made when the polymer moves forward. The top panel in figure 6 shows the velocity of the polymer as a function of the ratchet period L. For both values of T off studied here the maximum in velocity is similar, though the position of the peak is shifted to lower L for the shorter T off time. This observation is in agreement with what one expects in a single-particle picture, where a shorter diffusion time T off will yield maximum velocity for a ratchet geometry with a shorter distance over which diffusion is required.
Although the velocities of the polymer for the two cases are similar, there are differences in the behavior of the fluctuations as described in the previous section. 
hence D eff is larger. Interestingly, in both cases the maximum value of D eff occurs at roughly the same L as the peak in velocity. A polymer in the abscence of a ratchet potential will diffuse with a diffusion constant D = 0.02. For the T off =10τ s case we find that D eff < D over the entire range of L, but D eff is enhanced for T off =20τ s in the range where the peak in v occurs. To characterize the magnitude of velocity fluctuations with respect to the motor's average velocity, we calculate the Peclet number as defined in eqns. (10) and (11), using l = 1000σ, where σ is the monomer diameter. Note that if instead the value l = L had been chosen then Pe would have been distorted towards longer lengths. As one would expect from the behavior of D eff , the peak in Pe occurs at the same value of L as the peak in velocity. Importantly, however, the maximum value of Pe is substantially higher for the lower value of T off , because D eff is lower for the same velocity. The T off = 10τ s motor is therefore more coherent, and is 'better suited' for on-time delivery.
The lowest panel of figure 6 shows the (rectification) efficiency as calculated using eqn. (16) for motion in the absence of an external force. First we note that the absolute values of the efficiency are quite small (order of 1% or less) compared to single-particle flashing ratchets where efficiencies of the order 5-10% are obtained [79, 84, 87] . Here we are primarily interested in the comparative efficiency of the two realizations of the polymer motor, and find that the motor with a larger Pe (T off = 10τ s ) has a substantially lower efficiency than the (T off = 20τ s )-motor.
To better understand the energetics of our coupled motor system, we turn our attention to the energy balance at the single monomer level. We follow similar reasoning to Suzuki and Munakata [84] , but note that due to the coupling between individual monomers, internal forces need to be considered for a motor with internal degrees of freedom. We find that the input power to a monomer with label i can be calculated using either the right or left side of the equation,
where f iint is the instantaneous internal force acting on a monomer, and the averages are taken over time. To test this expected equality, which should be true in a long time average, we plot in figure 7 (top) the left and right hand sides of eqn. (24) . The internal forces between monomers are large, leading to a relatively low signal to noise ratio, but the statistics are sufficient to show good agreement between the two ways of calculating the input energy along the entire length of the polymer. An interesting observation is that the ends of the polymer 'use' more energy than the center part. To understand this we note that when the ratchet potential is turned on, the polymer can be in an extended conformation, straddling multiple wells. When only a short segment of the polymer (usually one of the ends), occupies the adjacent well, the bulk of the polymer can pull the segment over the potential barrier, leading to an increase in the work performed by the external field on the polymer's extremities. A more complete discussion of the performance of the polymer motors introduced here will be presented in [94] . 
IV. CONCLUSIONS
In this paper we introduced the basic concepts of Brownian motors using the well-known example of a flashing ratchet. The crucial characteristic of a Brownian motor, namely the incorporation of thermal motion into the motor's operational principle, not only distinguishes Brownian motors from their macroscopic counterparts, such as car engines, but also leads to richer performance characteristics. Firstly, the direction of the motor velocity is usually not straightforward to predict and often subtly depends on the choice of parameters. This property is the reason that many ratchets and Brownian motors are excellent candidates for separation devices. A second consequence of thermal fluctuations is the focus of the present paper: fluctuations are an inherent part also of the motor performance, and a full characterization of the motor performance requires characterization of the fluctuations in motor position and velocity. Crucially, the fluctuations also contain additional information. As discussed in several recent papers [84] [85] [86] , a motor's velocity fluctuations contain information about the heat dissipated by the motor to the environment. Consequently it is possible to determine a motor's efficiency by simply observing the motors average velocity and the variance of the velocity [86] . We have also discussed how, for a coupled motor, the internal degrees of freedom need to be taken into account.
